A heterochromatic tree is an edge-colored tree in which any two edges have different colors. The heterochromatic tree partition number of an r-edge-colored graph G, denoted by t r (G), is the minimum k such that whenever the edges of the graph G are colored with r colors, the vertices of G can be covered by at most k vertexdisjoint heterochromatic trees. In this paper we determine the heterochromatic tree partition number of an r-edge-colored complete multipartite graph K n1,n2,··· ,n k . Though we cannot give explicit expression for the heterochromatic tree partition number of K n1,n2,··· ,n k , we describe two types of canonical r-edge-colorings φ * r,1
Introduction
A monochromatic (heterochromatic) tree is an edge-colored tree in which any two edges have the same (different) color(s). The (monochromatic) tree partition number of an r-edge-colored graph G is defined to be the minimum k such that whenever the edges of G are colored with r colors, the vertices of G can be covered by at most k vertexdisjoint monochromatic trees. The (monochromatic) cycle partition number and the (monochromatic) path partition number are defined similarly. Erdös, Gyárfás and Pyber [1] proved that the (monochromatic) tree partition number and the (monochromatic) cycle partition number of K n is at most cr 2 ln r for some constant c, and conjectured that the (monochromatic) cycle partition number of K n is r and the (monochromatic) tree partition number is r − 1. Almost solving one of the two conjectures, Haxell and Kohayakawa [5] proved that the (monochromatic) tree partition number of K n is at most r provided that n is large enough with respect to r. Haxell [4] proved that the (monochromatic) cycle partition number of the complete bipartite graph K n,n is also independent of n, which answered a question in [1] . Kaneko, Kano and Suzuki [6] gave the explicit expression for the (monochromatic) tree partition number of a 2-edge-colored complete multipartite graph. In particular, let n 1 , n 2 , · · · , n k (k ≥ 2) be integers such that 1 ≤ n 1 ≤ n 2 ≤ · · · ≤ n k and let n = n 1 + n 2 + · · · + n k−1 , m = n k , they [6] proved that t ′ 2 (K n 1 ,n 2 ,··· ,n k ) = ⌊ m − 2 2 n ⌋ + 2, where t ′ r (K n 1 ,n 2 ,··· ,n k ) denotes the (monochromatic) tree partition number of the r-edgecolored graph K n 1 ,n 2 ,··· ,n k . Other related partition problems can be found in [2, 7, 8] .
Analogous to the monochromatic tree partition case, we define the heterochromatic tree partition number of an r-edge-colored graph G, denoted by t r (G)), to be the minimum k such that whenever the edges of the graph G are colored with r colors, the vertices of G can be covered by at most k vertex-disjoint heterochromatic trees. Like Kaneko, Kano and Suzuki [6] , in this paper we also consider an r-edge-colored complete multipartite graph K n 1 ,n 2 ,··· ,n k . Unlike Kaneko, Kano and Suzuki [6] where only the case r = 2 was solved, here we determine the heterochromatic tree partition number for general r. Though we cannot give the explicit expression for the heterochromatic tree partition number of K n 1 ,n 2 ,··· ,n k , we describe two types of canonical r-edge-colorings of K n 1 ,n 2 ,··· ,n k , from which we can obtain the number in polynomial time. As corollaries, for complete graphs and complete bipartite graphs we can get explicit expression for the heterochromatic tree partition number.
Throughout the paper, let n 1 , n 2 , · · · , n k (k ≥ 2) be integers such that 1 ≤ n 1 ≤ n 2 ≤ · · · ≤ n k . Since to get the heterochromatic tree partition number of the graph K 1,m is almost trivial, we assume n 1 ≥ 2 when k = 2, and denote each part of the vertex set V (K n 1 ,n 2 ,··· ,n k ) of the complete multipartite graph K n 1 ,n 2 ,··· ,n k by X 1 , X 2 , · · · , X k , respectively.
In order to prove our main result, we introduce the following notations. Let φ be an r-edge-coloring of a graph G. Denote by t r (G, φ) the minimum k such that under the r-edge-coloring φ, the vertices of G can be covered by at most k vertex-disjoint heterochromatic trees. Clearly, t r (G) = max φ t r (G, φ), where φ runs over all r-edgecolorings of the graph G. Let φ be an r-edge-coloring of the graph G and F be a spanning forest of G, each component of which is a heterochromatic tree. Then F is called an optimal heterochromatic tree partition of the graph G with edge-coloring φ if F contains exactly t r (G, φ) components. A tree consisting of a single vertex is also regarded as a heterochromatic tree.
The paper is organized as follows. In Section 2, we define two types of canonical r-edge-colorings of the graph K n 1 ,n 2 ,··· ,n k . In Section 3 we present two optimal heterochromatic tree partitions of the graph K n 1 ,n 2 ,··· ,n k with the two types of canonical edge-colorings, respectively. The proof of our main result is complete in the last section.
2. Two types of canonical r-edge-colorings of K n 1 ,n 2 ,··· ,n k In this section we mainly present two types of canonical r-edge-colorings, denoted by φ * r,1 and φ * r,2 respectively, of the graph K n 1 ,n 2 ,··· ,n k . Without loss of generality, we assume that the edges of the graph K n 1 ,n 2 ,··· ,n k are colored with the color set {c 1 , c 2 , · · · , c r }. Also, without loss of generality, we assume that the colors are used according to the ordering c 1 , c 2 , · · · , c r in the following definition of the r-edge-colorings φ * r,1 and φ * r,2 . We complete the definition of the two types of canonical r-edge-colorings in the following two subsections, respectively. For convenience we write K for the graph K n 1 ,n 2 ,··· ,n k in the rest of the paper.
2..1 The definition of
By distinguishing the following cases, the canonical r-edge-coloring φ * r,1 of the graph K is defined as follows.
Then, without loss of generality, we assume that
)| where 1 ≤ a + 1 ≤ n 1 and 0 ≤ t ≤ k − 2. Then we color the edges of K n 1 ,n 2 ,··· ,n k as follows.
• |Y i | = a + 1 for i = 1, 2, · · · , t if t > 0, and
Color each edge of H r,1 with a distinct color according to the ordering c 1 , c 2 , · · · , c r . Let x 1 ∈ X t+1 − Y t+1 . If there is an unused color c i with i < r, choose an uncolored edge between x 1 and V (H r,1 ) and color it with the color c i . Finally, color the rest of the edges of K with the color c r . Denote by φ * r,1 the resultant r-edge-coloring of the graph K n 1 ,n 2 ,··· ,n k .
Without loss of generality, we may assume that
, respectively, where
Color each edge of H r,1 with a distinct color according to the ordering c 1 ,
If there is an unused color c i with i < r, choose an uncolored edge between x 1 and V (H r,1 ) and color it with the color c i . Finally, color the rest of the edges of K with the color c r . Denote also by φ * r,1 the resultant r-edge-coloring of the graph K n 1 ,n 2 ,··· ,n k .
Color each edge of H r,1 with a distinct color according to the ordering c 1 , c 2 , · · · , c r .
If there is an unused color c i with i < r, choose an uncolored edge between x 1 and V (H r,1 ) and color it with the color c i . Finally, color the rest of the edges of K with the color c r . Again, denote by φ * r,1 the resultant r-edge-coloring of the graph K.
2..2 The definition of φ * r,2
By distinguishing the following cases, the canonical r-edge-coloring φ * r,2 of the graph K is defined as follows.
)| where 1 ≤ a + 1 ≤ n 1 and 0 ≤ t ≤ k − 1. Then we color the edges of K as follows.
be a subgraph of K. Each part of the vertex set of H r,2 is denoted by Z 1 , Z 2 , · · · , Z k , respectively, where
Color each edge of H r,2 with a distinct color according to the ordering c 1 , c 2 , · · · , c r . Let x 2 ∈ X t+1 − Z t+1 . If there is an unused color c i with i < r, choose an uncolored edge between x 2 and V (H r,2 ) and color it with the color c i . Finally, color the rest of the edges of K with the color c r . Denote by φ * r,2 the resultant r-edge-coloring of the graph K.
part of the vertex set of H r,2 is denoted by Z 1 , Z 2 , · · · , Z k , respectively, where
Color each edge of H r,2 with a distinct color according to the ordering c 1 , c 2 , · · · , c r . Let x 2 ∈ X i+t+1 − Z i+t+1 . If there is an unused color c i with i < r, choose an uncolored edge between x 2 and V (H r,2 ) and color it with the color c i . Finally, color the rest of the edges of K with the color c r . Denote also by φ * r,2 the resultant r-edge-coloring of the graph K.
Two optimal heterochromatic tree partitions
In this section we present two heterochromatic tree partitions F r,1 and F r,2 of the graph K under the edge-colorings φ * r,1 and φ * r,2 , respectively. First we need the following result on maximum matchings of the graph K.
Lemma 3.1 If the graph K does not have any perfect matching, then there is a maximum matching
Proof. The result can be clearly shown by induction on |V (K)|.
3..1 Partition under the r-edge-coloring φ * r,1
From the definition of the r-edge-coloring φ * r,1 we have r ≥ |E(H r,1 )|. By distinguishing the following cases, we construct the forest F r,1 , each component of which is heterochromatic, as follows.
Then from the r-edge-coloring φ * r,1 we have that all the edges of E(K) − E(H r,1 ) are colored by the same color c r . Let y ∈ X k − V (H r,1 ).
Suppose that the graph H r,1 is a claw with center y 1 and the edge y 1 y 2 of H r,1 is colored with the color c r .
. Then each spanning tree of H ′ contains an edge with the color c r . Let T be a heterochromatic spanning tree of the graph H ′ . By Lemma 3.1, we can choose a maximum matching M r,
{s} is a heterochromatic tree partition of the graph K with the edge-coloring φ * r,1 .
Case 2 r = |E(H r,1 )| + 1.
Then from the r-edge-coloring φ * r,1 we have that all the edges of E(K) − E(H r,1 ) are colored by the same color c r . Let y ∈ X k − V (H r,1 ), and let
. Then each spanning tree of H ′ is heterochromatic and contains an edge with the color c r . Let T be a heterochromatic spanning tree of the graph H ′ . By Lemma 3.1, we can
Case 3 r ≥ |E(H r,1 )| + 2.
Then from the r-edge-coloring φ * r,1 , we have at least two edges with distinct colors between x 1 and V (H r,1 ). Let y ∈ X k −V (H r,1 )−{x 1 }, and let
To sum up the above, we obtain a heterochromatic tree partition F r,1 of the graph K with the edge-coloring φ * r,1 . It is easy to see that one component of F r,1 covers all the r colors and each of the other components consists of a single edge or a single vertex. The next theorem shows that F r,1 is indeed an optimal heterochromatic tree partition of K with the edge-coloring φ * r,1 .
Theorem 3.2 F r,1 is an optimal heterochromatic tree partition of the graph K with the edge-coloring φ * r,1 .
Proof. Let F ′ be an optimal heterochromatic tree partition of the graph K with the edge-coloring φ * r,1 . Let the components T 1 , T 2 , · · · , T l of F ′ cover the vertices of V (H r,1 ) such that T i ∩ V (H r,1 ) = ∅ for each i = 1, 2, · · · , l. Clearly, each of the other components of F ′ consists of either a single edge or a single vertex. Denote by M ′ and S ′ , respectively, the set of single edge components and the set of single vertex components of F ′ . Choose F ′ such that l is as small as possible.
Suppose l = 1. It follows clearly from Lemma 3.1 that both F r,1 and F ′ have the same number of components, and then we are done.
So, we assume that l ≥ 2. From the definition of the edge-coloring φ * r,1 , we have that T i ⊆ V (H r,1 ) for each i = 1, 2, · · · , l; otherwise we can find a heterochromatic tree partition of the graph K with the number of components less than that of F ′ . Furthermore, at most one component T j for some 1 ≤ j ≤ l contains two vertices not in V (H r,1 ) . So, without loss of generality we may assume that |V (
where T is a heterochromatic spanning tree of
The existence of T follows from the definition of φ * r,1 ). Then F ′′ is a heterochromatic tree partition of K with l − 1 components covering the vertex set V (H r,1 ) , a contradiction. The proof is complete.
Also, from the construction we have the following results.
Lemma 3.3 The following results hold:
From Lemma 3.2-3.3, the following result follows clearly.
Lemma 3.4
The following results hold:
3..2 Partition under the r-edge-coloring φ * r,2
Similar to the previous subsection, the heterochromatic tree partition of the graph K with the r-edge-coloring φ * r,2 can be constructed in this subsection. From the definition of the r-edge-coloring φ * r,2 we have r ≥ |E(H r,2 )|. By distinguishing the following cases, we construct the forest F r,2 , each component of which is heterochromatic, as follows.
Then from the r-edge-coloring φ * r,2 we know that all the edges of E(K) − E(H r,2 ) are colored by the same color c r . Let y ∈ X k − V (H r,2 ).
Suppose that the graph H r,2 is a claw with center y 1 and the edge y 1 y 2 of H r,2 is colored with the color c r .
Otherwise, let
. Then each spanning tree of H ′′ contains an edge with the color c r . Let T be a heterochromatic spanning tree of the graph H ′′ .
By Lemma 3.1, we can choose a maximum matching M r,
{s} is a heterochromatic tree partition of the graph K with the edge-coloring φ * r,2 .
Case 2 r = |E(H r,2 )| + 1.
Then from the r-edge-coloring φ * r,2 we know that all the edges of E(K) − E(H r,2 ) are colored by the same color c r . Let y ∈ X k − V (H r,2 ), and let
. Then each spanning tree of H ′′ is heterochromatic and contains an edge with the color c r . Let T be a heterochromatic spanning tree of the graph H ′′ . By Lemma 3.1, we can choose a maximum matching M r,
Case 3 r ≥ |E(H r,2 )| + 2.
Then from the r-edge-coloring φ * r,2 we have at least two edges with distinct colors between x 2 and V (H r,2 ). Let y ∈ X k −V (H r,2 )−{x 2 }, and let H ′′ = K[V (H r,2 )∪{x 2 }∪ {y}]. Then each heterochromatic spanning tree of H ′′ contains an edge with the color c r . Let T be a heterochromatic spanning tree of the graph H ′′ . By Lemma 3.1, we can choose a maximum matching M r,2 of
To sum up the above, we obtain a heterochromatic tree partition F r,2 of the graph K with the edge-coloring φ * r,2 . It is easy to see that one component of F r,2 covers all the r colors and each of the other components consists of a single edge or a single vertex. The next theorem shows that F r,2 is indeed an optimal heterochromatic tree partition of K with the edge-coloring φ * r,2 .
Theorem 3.5 F r,2 is an optimal heterochromatic tree partition of the graph K with the edge-coloring φ * r,2 .
Proof. Let F ′ be an optimal heterochromatic tree partition of the graph K with the edge-coloring φ * r,2 . Let the components
Clearly, each of the other components of F ′ consists of either a single edge or a single vertex. Denote by M ′ and S ′ , respectively, the set of single edge components and the set of single vertex components of F ′ , respectively. Choose F ′ such that l is as small as possible.
Suppose l = 1. It follows clearly from Lemma 3.1 that both F r,2 and F ′ have the same number of components, and then we are done.
So, we assume that l ≥ 2. From the definition of the edge-coloring φ * r,2 , we have that T i ⊆ V (H r,2 ) for each i = 1, 2, · · · , l; otherwise we can find a heterochromatic tree partition of the graph K with the number of components less than that of F ′ . Furthermore, at most one component T j for some 1 ≤ j ≤ l contains two vertices not in V (H r,2 ). So, without loss of generality we may assume that |V (
The existence of T follows from the definition of φ * r,2 ). Then F ′′ is a heterochromatic tree partition of K with l − 1 components covering the vertex set V (H r,2 ), a contradiction. The proof is complete.
Also, from the construction we have the following results. From Lemma 3.5-3.6, the following result follows clearly.
Lemma 3.7
Let r 1 = min{r|t r (K, φ * r,2 ) = n k }, and r 2 = max{r|t r (K, φ * r,2 ) = n k }. Then from our construction we have at least two integers r such that t r (K, φ * r,2 ) = n k , and so we have the following result.
Lemma 3.8 r 1 < r 2 .
By Lemma 3.6 it is obvious that t r (K, φ * r,2 ) ≥ n k for any r ≤ r 1 , and t r (K, φ * r,2 ) = n k for any r 1 ≤ r ≤ r 2 . We have the following crucial result about the two types of canonical edge-colorings.
Proof. Let r 3 = max{r|t r (K, φ * r,1 ) = n k }, then by Lemma 3.3 we have that
Let r ≥ r 3 . Then H r,1 ∼ = K n 1 ,··· ,n k−1 ,a for some 0 ≤ a ≤ n k and t r (K, φ * r,1 ) = n k − a if r = |E(H r,1 )| or r = |E(H r,1 )|+1, and otherwise we have that t r (K, φ * r,1 ) = n k −a−1.
Similarly, we only consider the integer r ≤ r 1 such that t r (K, φ * r,1 ) > n k , which implies k ≥ 3. Let r(≤ r 1 ) be an integer such that t r (K, φ * r,1 ) > n k . Since t r (K, φ * r,1 ) > n k , from the construction of F r,1 we have that
Also, since t r (K, φ * r,1 ) > n k , it follows clearly that |
It is easy to see that, if r ≤ |E(K k−1 )|, then t r (K, φ * r,2 ) = t r (K, φ * r,1 ). So assume that r > |E(K k−1 )|. If r = |E(H r,1 )| and the graph H r,1 is a claw. Then, the only possibility is that r = 2, and from our construction of F r,1 and F r,1 we have that t r (K, φ * r,2 ) = t r (K, φ * r,1 ).
Otherwise, by our definition of the graph H r,1 and H ′ we have that H r,1 ⊆ H ′ . Let
Clearly, we have that |E(H 1 )| ≥ |E(H r,1 )| and |V (H 1 )| ≥ |V (H r,2 )|. Furthermore, we have that
otherwise.
From Lemma 3.7, we have that
t r (K, φ * r,2 ) + 1, if r − 1 = |E(H r−1,2 )| + 1 and |S r−1,2 | = ∅; t r (K, φ * r,2 ), otherwise.
So, t r (K, φ * r,2 ) = t r (K) for any r < r 2 . The second equality of statement (1) follows clearly. This completes the proof of statement (1). Statement (2) can be proved similarly. The details are omitted.
The following corollary follows obviously. Note that, if n k ≥ k−1 j=1 n j , then it follows clearly that t r (K) ≤ n k , and so we have the following result. Unfortunately, in general we can not give the explicit expression for the heterochromatic tree partition number of the graph K. However, very luckily, for a given complete multipartite graph and an integer r we can compute it easily from our above results. Also note that from our construction we can determine the graph H ′ and H ′′ in polynomial time. Since both the graphs K − V (H ′ ) and K − V (H ′′ ) are still complete multipartite graphs or empty graph, the numbers |M r,1 |, |S r,1 |, |M r,2 | and |S r,2 | can be computed in linear time. So, based on the same idea we can determine the number t r (K) in polynomial time.
